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Abstract
Gradient-banding and vorticity-banding instabilities, as well as a shear-induced instability due to shear-gra-
dient induced mass transport will be discussed. Various scenarios that underly these instabilities are
addressed and simple constitutive relations that allow for a (semi-) quantitative analysis are proposed. A rel-
atively simple constitutive equation that has been proposed some time ago is reviewed, which captures a
number of the experimentally observed gradient-banding phenomena. This constitutive equation is based on
the usual formal expansion of the stress tensor with respect to gradients in the flow velocity, but now includ-
ing the second order term. The second order term is necessary to describe the relatively large spatial gra-
dients within the interface between the two bands. The resulting simple constitutive equation is shown to
give rise to stationary gradient-banded states, where the shear rates within the bands are constant, it
describes stress selection under controlled rate conditions and explains why banding can not occur under
controlled stress conditions. The simple constitutive equation does not include coupling to concentration,
which may give rise to banding also under controlled stress conditions. Two examples of mechanisms that
lead to the strong shear thinning that is necessary for gradient banding are discussed: (i) transient forces due
to entanglements in polymer systems, and (ii) critical slowing down. The latter mechanism is shown to be
important for a worm-like micellar system. The mechanism that leads to vorticity banding is still under
debate. Vorticity banding of fd-virus suspensions within the two-phase isotropic-nematic coexistence will
be discussed. Experiments on the kinetics of banding and particle-tracking experiments lead to a recently
proposed mechanism for the vorticity-banding instability, where the instability is identified as an elastic
instability similar to the polymer-Weissenberg effect. The role of polymer chains in the classic Weissenberg
effect is now played by inhomogeneities formed during the initial stages of phase separation. For other sys-
tems than fd-virus suspensions that exhibit vorticity banding, the inhomogeneities general have a different
origin, like in weakly aggregated colloids and worm-like micellar systems where the inhomogeneities are
the colloidal aggregates and the worms, respectively. An instability that has been discovered some time ago,
which is an instability due to shear-gradient induced mass transport is also discussed. The coupling between
shear-gradients and mass transport has been formally introduced through a shear-rate dependent chemical
potential, of which the microscopic origin was not explained. It will be shown that the microscopic origin
of this coupling is related to the shear-induced distortion of the pair-correlation function. Contrary to the
stationary gradient-banded and vorticity-banded state, it is not yet known what the stationary state is when
this shear-concentration-coupling instability occurs.
Keywords :
1. Introduction
The two main types of banding instabilities are gradient
banding and vorticity banding. In case of gradient banding
in a Couette cell, the stationary state is one where two
bands coexist, which extend in the gradient direction. The
left sketch in Fig. 1 gives a top view of such a banded state
in a Couette geometry. The shear rate within each of the
two bands is essentially spatially constant, and the two
bands are connected by a sharp interface where there is a
very strong spatial variation of the shear rate. In case of
vorticity banding, regular bands are formed which are
stacked in the vorticity direction, as sketched on the right
in Fig. 1. The bands are visible, for example, because the
two types of bands have a different turbidity or because
they are both birefringent but with somewhat different ori-
entation of the optical axes. A third kind of instability has
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been described for the first time by Schmitt in Ref.(Schmitt
et al., 1995). This is an instability that is due to mass trans-
port that is induced by spatial gradients in the shear rate.
Probably because the origin of such a coupling is unclear,
this instability has largely been ignored. We will refer to
this instability as the “shear-concentration-coupling insta-
bility”, or in abbreviation the SCC-instability.
This paper consists of three main sections, one on gra-
dient banding (including two sections on entanglement
forces and banding in a worm-like micellar system), one
on vorticity banding, and one on the SCC-instability. A
minimal model that describes many features of gradient
banding is discussed in section 2. An important mechanism
in many polymer systems that is at the origin of severe
shear thinning, a necessary requirement for gradient band-
ing, is related to transient forces resulting from entangle-
ments. These forces are briefly described in section 3.
Experiments are presented on a worm-like micellar system
in section 4 that indicate that the strong shear thinning in
this system is due to critical slowing down of orientational
diffusion due to the vicinity of the isotropic-nematic spin-
odal. Vorticity banding is discussed in section 5, where
experiments on suspensions of colloidal rods are described
that lead to the proposition that this is an elastic instability,
similar to the Weissenberg effect for polymers. In section
6 the SCC-instability is discussed, where the microscopic
origin of the mass flux induced by gradients in the shear
rate is shown to be related to the shear-induced distortion
of the pair-correlation function.
Recent review papers that address banding phenomena
include Ref.(Olmsted, 1999) which contains a compre-
hensive overview of existing literature, Ref.(Vermant,
2003) where shear-induced bundles and strings as well as
near-critical and weakly aggregated colloids are discussed,
and Refs.(Cates et al., 2006; Berret, 2005) which exten-
sively discuss the rheology and banding of micellar sys-
tems. Reference (Cates et al., 2006) also contains a section
on time-dependent phenomena. A recent treatment of time-
dependent phenomena can be found in Ref. (Fielding,
2007). A collection of four overview papers on shear band-
ing have recently been published in Rheologica Acta (Cal-
laghan, 2008; Dhont et al., 2008; Olmsted, 2008;
Manneville, 2008).
2. Gradient banding
Here we will present a simple model (Dhont, 1999; Olm-
sted, 1999; Lu et al., 2000) that explains a number features
that are seen experimentally. Consider a laminar flow in a
two-plate geometry in the 
x
-direction, and with 
y
 the gra-






-directions, the Navier-Stokes equation takes
the form, 
,  (1)
where  is the overall mass density of the suspension and
 is the shear stress. The standard expression for the stress
is , with  the local shear rate and  the shear vis-
cosity. This text-book expression for the shear stress is
obtained from a formal expansion up to leading order in









Fig. 1. Sketches of the stationary states in a Couette cell in case
of gradient banding (left figure, top view) and vorticity
banding (right figure, side view).
Fig. 2. The “van der Waals loop-like” form of the standard shear
stress  as a function of the shear rate, which is the
stress of the homogeneously sheared system, before band-
ing occurs. The dashed, red horizontal line marks the
selected stress in the stationary state under controlled
shear-rate conditions, according to the “modified” equal-
area Maxwell construction (7). The horizontal arrows in
blue correspond to bottom- and top-jumps that are
observed under controlled stress conditions in case the
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denoted by , and is the stress of a system in which
spatial gradients of the shear rate are not too large.
A stationary gradient-banded state exhibits usually two
regions (the “bands”) where the shear rate is independent
of position, which regions are separated by an “interface”
in which spatial gradients in the shear rate are very large
(see the left sketch in Fig. 1). Within the interface, the stan-
dard stress is not sufficient to capture the large spatial gra-
dients, and the above mentioned spatial-gradient expansion
of the stress tensor must be extended to the next higher
order term. From symmetry considerations it is readily
seen that this expansion reads (Dhont, 1999), 
. (2)
The proportionality constant κ of the second order deriv-
ative of the shear rate is referred to as the shear-curvature
viscosity (Dhont, 1999). As will be seen, the second order
contribution prevents the very fast development of un-
physically large gradients in the flow velocity, and is a nec-
essary ingredient to describe the stationary banded state.
An alternative approach that achieves these features is to
include a diffusive term in equations of motion for the
stress tensor, where the corresponding diffusion coefficient
is referred to as the stress diffusion coefficient (Lu et al.,
2000; Spenley et al., 1996; Radulescu et al., 2003; Yuan et
al., 1999; El-Kareh et al., 1989). There seems to be no sim-
ple connection between the shear-curvature viscosity and
the stress-diffusion coefficient.
Experiments indicate that for systems which exhibit gra-
dient banding, the standard stress exhibits a van der Waals
loop-like behaviour as depicted in Fig. 2. This is the stress
that is measured for the homogeneously sheared system,
before banding occurs. According to eq. (1), the stress is con-
stant throughout the gap of the two-plate geometry for a sta-
tionary state. This implies that for a stationary gradient
banded state, the stress in the two bands are equal (as indi-
cated by the two red points in Fig. 2). In going through the
interface, however, the van der Waals loop is probed, which
violates the requirement that the stress must be constant. The
standard stress is therefore not sufficient to describe gradient
banding. The second order term in eq. (2) is necessary to ren-
der the total stress spatially constant, also within the interface.
Assuming a banded velocity profile, it is easily verified
(Dhont, 1999) that a y-independent stress, also within the
interface, is only possible if, 
. (3)
Furthermore, the shear-curvature viscosity is expected to
vanish in a shear-rate range where the viscosity attains its
high shear-rate value, 
.  (4)
The question may be asked which value for the sta-
tionary stress  in Fig.2 is actually selected. Any value
of  in Fig. 2 satisfies the requirement that the stresses
in the two bands are equal, but there is a unique value that
also renders the total stress within the interface equal to
that within the bands. The stress selection rule that sets the
stress in the stationary banded state can be derived from
the constitutive equation (2). Suppose that a stationary
banded structure exists (as depicted in Fig.1, left figure).
From eq.(2), 
.  (5)
Since within the two bands the shear rate is spatially con-
stant, we have, 
,  (6)
provided that the shear rate is a monotonic function of
position. Here,  and  are the shear rates in the high
shear-rate and low shear-rate band, respectively, while 
and  are positions within the two corresponding bands.
Integration of eq. (5) thus leads to, 
, (7)
This is the stress-selection rule within the present min-
imal model (Dhont, 1999; Olmsted, 1999; Lu et al., 2000).
The system will select a stress  in the stationary state
such that it satisfies eq.(7). For a shear-rate independent
shear-curvature viscosity, this stress-selection rule implies
an equal-area Maxwell construction. According to eq. (4),
however, the shear-curvature viscosity is shear-rate depen-
dent, which shifts the selected stress to somewhat lower
values as compared to the equal-area stress, as depicted in
Fig. 2.
The system has the freedom to select its stress when the
shear rate is controlled during an experiment. When the
stress is controlled, and the applied stress is different from
 as given in eq. (7), shear banding can not occur since
in a stationary shear-banded structure the stress must be
equal to . Hence, shear banding can not occur in a
stress-controlled experiment. There are now two possible
scenarios : (i) the flow profile always has a uniform shear
rate. In this case, the stress jumps from its maximum to the
stable branch at higher shear rate (and similarly for
decreasing stress), or (ii) a flow profile exists which is nei-
ther a banded state nor a state where the shear rate is
homogeneous, but rather a flow profile where the shear
rate varies throughout the entire gap of the cell. “Bottom-
and top-jumps” under controlled stress conditions, are
observed in, for example, micellar systems (Yesilata et al.,
2006; Cappelaere et al., 1997), in a colloidal crystalline
system (Chen et al., 1992), in supra-molecular polymer
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clay particles (ten Brinke et al., 2007). The jumps are indi-
cated in Fig. 2 by the horizontal arrows.
There are experiments where banding is also observed
under controlled stress conditions. This is due to a strong
coupling of stress to concentration, which is neglected in
the present minimal model. The variation of concentration
is now an additional degree of freedom that facilitates
banding also under controlled stress conditions. Banding of
systems consisting of rod-like particles, including both
coupling to concentration and orientational order, is dis-
cussed in Refs. (Olmsted et al., 1999; 1997). Since the con-
centrations within the bands adjust to the applied shear
rate, the shear rates within the bands are now depending on
the applied shear rate. This renders the stationary stress
 in the banded state dependent on the applied shear
rate (Olmsted et al., 1999; Olmsted, 1999), and explains
the sometimes observed “tilted stress plateau” (Cappelaere
et al., 1997; van der Gucht et al., 2006; Berret et al., 1998;
Hu et al., 2005; Lerouge et al., 2006; Lerouge et al., 2000;
van den Noort et al., 2007). Coupling to concentration has
been discussed, within particulate models, in Refs.(Olm-
sted, 1999; Olmsted et al., 1999; Fielding, 2003).
To see under which conditions a linear flow profile
becomes unstable, a stability analysis of the Navier-Stokes
equation (1) can be performed. Let  denote the applied
shear rate. The “natural” flow profile in a two-plate geom-
etry would be one where the velocity u is equal to ,
where y is the distance from the lower, stationary plate. This
linear flow profile is perturbed, that is, ,
where  is the small perturbation. Substitution into
eqs.(1,2) and linearization with respect to , assuming
stick-boundary conditions, leads to, 
, (8)
where the coefficients  are determined by the initial
form of the perturbation, the wave vectors  (with
L the gap width and ), and, 
.  (9)
Clearly, the linear flow profile is unstable when, 
,  (10)
for  (and possibly ). In case the right hand-side
of eq.(10) is very small, this complies with experimental
findings that banding occurs when the slope of the standard
stress  (which is the stress of the homogeneously sheared
system) versus the applied shear rate is negative (this is
found experimentally for worm-like micelles (Berret et al.,
1997; Britton et al., 1999; Fischer et al., 2001; Britton et
al., 1999; Salmon et al., 2003), poly-crystalline colloids
(Imhof et al., 1994, Hunerbein et al., 1996, Palberg, 1996),
micellar cubic crystals (Eiser et al., 2000), and most prob-
ably this scenario also applies for semi-dilute polyacry-
lamide solutions (Callaghan, 2000; Britton, 1997). Note
that the shear rates where the linear flow profile becomes
unstable are not exactly at the maximum and minimum of
the van der Waals loop. The slope  should be suf-
ficiently negative, depending on the value of κ, before the
linear flow profile becomes unstable.
Numerical integration of the equation of motion (1,2)
under controlled shear-rate conditions, where the applied
shear rate is fixed, indeed leads to regions (the “bands”)
where the shear rate is constant (Dhont et al., 2008). The
simple constitutive equation (2) thus describes many of the
observed phenomena related to gradient banding. There
are, of course, a number obvious omissions in the minimal
model:
(i) The concentration dependence of the shear stress is
neglected. As discussed above, the coupling to concen-
tration can lead to banding also under controlled stress con-
ditions. The SCC-instability that will be discussed in
section 6 is an instability where a decreasing standard
stress with increasing shear rate is not required, and which
is entirely the result of such a coupling to concentration.
(ii) Elastic contributions to the stress are neglected. This
is of importance for the description of the kinetics of band-
formation when the time scale of interest is smaller than
the typical relaxation times of elastic stresses Ref.(God-
dard, 2003).
(iii) Flow-induced phase transitions are not accounted
for. In some systems, flow can induce new phases, which
can lead to banded-like flow.
(iv) The minimal model is a scalar theory that neglects
normal stresses. Note, however, that the non-local shear-
curvature-viscosity contribution could be included in con-
stitutive models which include normal stresses. In
Ref.(Briels, 2011) a semi-microscopic theory is presented
that derives the shear-curvature contribution to the stress as
well as normal stresses that result from transient entan-
glement forces in polymer systems.
A numerical value for the shear-curvature viscosity for a
micellar system has been determined in Ref.(Masselon,
2008) from stationary velocity profile measurements in
micro-channels. The linear extent of the channel is so
small, that the higher order gradient contribution to the
stress in eq. (2) is important in relatively large regions
within the channel. Velocity profiles are accurately
described with the constitutive relation (2) with a single,
shear-rate independent value of  for the
shear-curvature viscosity.
The most studied systems that exhibit gradient banding
are worm-like micellar systems (experiments on worm-like
micelles can be found in Refs. (Yesilata et al., 2006; Berret
et al., 1998; Hu et al., 2005; Berret et al., 1997; Britton et
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et al., 2005; Liberato et al., 2006; Miller et al., 2007; Man-
neville et al., 2007), and theoretical models for worms con-
cerned with banding in Refs.(Spenley et al., 1993; 1996;
Vasquez et al., 2007). In some (diluted and concentrated)
worm-like systems wall slip is reported (Mannesville et al.,
2007; Salmon et al., 2003; Lettinga et al., 2009). Gradient
banding is also reported to occur in entangled polymers
(Callaghan et al., 2000; Britton et al., 1997; Tapadia et al.,
2006; Boukany et al., 2008), micellar cubic phases (Eiser
et al., 2000), supra-molecular polymer solutions (van der
Gucht et al., 2006), transient networks (Michel et al.,
2001) and thermotropic side chain liquid crystal polymers
(Robic et al., 2002). Experiments indicate that gradient
banding can also occur in hexagonal phases of surfactant
solutions (Ramos et al., 2000). Gradient banding where a
shear-induced second phase is involved is observed in
lamellar surfactant systems, where an "onion phase" is
induced (Bonn et al., 1998; Salmon et al., 2003), in a semi-
flexible thermotropic liquid crystalline polymer (mather et
al., 1997), where a nematic phase is induced by flow, and
in poly-crystalline colloids (Chen et al., 1992; Imhof et al.,
1994; Hunerbein et al., 1996; Preis et al., 1998), where
crystals are shear-melted beyond some critical shear rate.
For the onion system it is found that the location of the
interface strongly fluctuates, the mechanism for which is
still unclear (Salmon et al., 2003). Interface fluctuations
and periodic stress- and rate-response have been observed
to accompany gradient banding in some cases (see, for
example, (Lerouge et al., 2006; Britton et al., 1999; Sal-
mon et al., 2003; Callaghan et al., 2000; Herle et al., 2005;
Lettinga et al., 2009; Mannelville et al., 2004; Hu et al.,
2002; Rofe et al., 1996). A recent paper shows that the
fluctuations in the interface are probably due the proximity
of turbulence (Fardin et al., 2010), while another recent
paper by one of the present authors shows that the dyna-
mical slip-stick phenomena are the result of a competition
between slip and shear-band formation, which sets in at the
lower shear rate of the stress plateau (Lettinga, 2009).
3. Strong Shear Thinning due to Entanglement
Forces: Banding of Polymers 
The van der Waals loop in Fig. 2 requires a very strong
shear-thinning behaviour. In this section we briefly
describe a mechanism that is relevant for entangled poly-
mer systems. As far as we know, one of the first theories
for polymers that explains a van der Waals type of behav-
iour of the standard stress as a function of shear rate was
proposed in Ref. (McLeish et al., 1986). The strong shear-
thinning behaviour is due to shear-induced disentangle-
ment. No shear-curvature (or stress-diffusion) contribution
has been considered here, so that stationary states required
the investigation of the stability of infinitely sharp inter-
faces between the bands (McLeish, 1987).
An experimental system consisting of linear DNA has
been shown to give rise to gradient banding as a result of
entanglements (Ravindranath et al., 2008). Similar to linear
polymers, entanglements in star-like polymers (or “resin
particles”), consisting of a small hard core and a corona of
polymer arms, lead to gradient-shear banding. Simulations
of gradient banding in star-polymer systems are reported in
Ref.(van den Noort et al., 2008). Since the coronas encom-
pass many degrees of freedom, it is only feasible to per-
form simulations when an appropriate coarse graining of
the dynamics of the coronas can be made. This is a highly
non-trivial problem, since entanglements relax equally
slow as the typical time scale on which the hard cores
move. The coarse grained description proposed in Refs.
(van den Noort et al., 2007; 2008; Briels, 2009) is to
describe the interaction between overlapping corona's with
a single parameter n which measures the "number of entan-
glements". The corresponding inter-particle force F due to
overlapping coronas is equal to, 
, (11)
with α a positive constant that characterizes the strength of
entanglements and  the number of entanglements of
two coronas when they are in equilibrium for a given dis-
tance R between the centers of the two particles. The equa-
tion of motion for the thermally averaged number of
entanglements is, 
, (12)
where the relaxation time τ measures the time scale on
which entanglements evolve. The behaviour of two over-
lapping coronas is depicted in the computer-simulation
images in Fig. 3 (van den Noort et al., 2008). Two coronas in




Fig. 3. A time-sequence of simulation snap-shots of two entan-
gled star polymers. (a) Two star polymers at small core-
to-core separation, where the polymer coronas are in equi-
librium. (b) Overlapping coronas after an instantaneous
displacement to a larger core-to-core separation. (c) and
(d) depict the relaxation of the coronas to their new equi-
librium state. Taken from Ref. (van den Noort, 2008).
Jan K.G. Dhont, Kyongok Kang, M.P. Lettinga and W. J. Briels
6 Korea-Australia Rheology Journal
displaced to a larger core-to-core separation (Fig. 3b). After
the instantaneous displacement, the number of entangle-
ments is the same as before the displacement. According to
eq. (11), this leads to an attractive entanglement force
between the particles. Fig. 3c and d show the relaxation of
the number of entanglements to the new equilibrium value,
which is accompanied with a decrease of the entanglement
forces between the particles. When two particles approach
each other, there is a repulsive entanglement force.
These time-dependent, transient forces determine to a
large extent the flow behaviour. The reason for strong
shear thinning is that the coronas do not have time to
develop entanglements when the shear rate is sufficiently
large (such that ). Such a shear-induced reduction of
interaction forces leads strong shear thinning, leading in
turn to gradient banding, as found in computer simulations
based on the above described coarse-grained description of
entanglement forces (van den Noort et al., 2008). In fact,
the computer model can be cast into an analytical theory
for the flow behaviour of systems where entanglements are
important. This theory indeed predicts gradient banding
and leads to an explicit expression for the shear-curvature
viscosity (Briels et al., 2011). This semi-microscopic
model includes normal stresses and coupling to concen-
tration, and identifies the mechanism that leads to mass
fluxes as a result of spatial gradients in the shear rate which
is at the basis of the SCC-instability that will be discussed
in section 6.
The above mentioned semi-microscopic theory also
applies to, for example, telechelic systems, where the num-
ber of entanglements is now the number of bridges and
which indeed show shear-band formation (Sprakel et al.,
2008). Of course the specific form of n
0
 as a function of R
is now quite different from that of star-polymers, which
affects the flow behaviour quite drastically.
4. Strong Shear Thinning due Critical Slowing
Down: Banding of Wormlike Micelles
 
The proximity of an isotropic-nematic phase transition
for suspensions of colloidal rods or worm-like micelles can
lead to strong shear thinning. Near the isotropic-nematic (I-
N) spinodal the orientational diffusion coefficient is small,
so that there is little orientational Brownian motion that
counteracts shear alignment. A quite small increase of the
shear rate now leads to an appreciable increase in orien-
tational order, which in turn leads to a significant decrease
of the stress. Strong shear thinning due to shear alignment
is pronounced in the vicinity to the isotropic-nematic spin-
odal, since the rotational diffusion coefficient tends to zero
on approach of the spinodal. Formally, the dimensionless
number that measures the importance of shear alignment
relative to counter-balancing orientational diffusion is the
effective rotational Péclet number , with 
the effective rotational diffusion coefficient that includes
the effects of rod-rod interactions. Close to the spinodal,
where this diffusion coefficient is very small, a small
increase of the shear rate results in a large increase of the
rotational Péclet number, which implies the strong shear
thinning mentioned above.
There are very few studies on systems that show gradient
banding due to the proximity of the I-N spinodal. Recently
Helgeson et al.. (Helgeson et al., 2009) showed a con-
nection between gradient banding and the I-N transition for
a system of surfactant wormlike micelles, combining small
angle light scattering and particle imaging velocimetry. In
this section we describe experiments with poly(butadiene)-
poly(ethylene oxide) (Pb-Peo) diblock copolymer with a
50−50 block composition in aqueous solution, which sys-
tem was first introduced in Ref. (Won et al., 1999), where
it is also shown that this system exhibits an I-N phase tran-
sition. Here we will show that this system also displays
gradient banding due to strong shear thinning as a result of
the vicinity of the I-N spinodal (Lonetti et al., 2008). The
main advantage of this system is that the worms are quite
stiff, with a persistence length of around 1 µm, they are
quite long with a contour length of L=1 µm (though the
system is polydisperse), while the worm diameter is 16 nm.
As a result, the aspect ratio of L/d=63 is much larger as
compared to common surfactant micellar systems, so that
the diblock copolymer system shows an I-N transition at a
modest concentration of about 
1.7%
, as will be seen later.
For a semi-quantitative interpretation of the experiments
we will treat the system theoretically as a monodisperse
hard-rod system. The stress tensor σ of a homogeneously
sheared system of hard-core rods with a large aspect ratio
can be expressed in terms of the orientational order-param-
eter tensor , where  is the unit vector along the
long axis of a rod, and the brackets  denote ensemble
averaging. The deviatoric part  of the stress tensor of a
homogeneously sheared suspension is given by (Doi et al.,
1986, Dhont et al., 2003, 2006), 
                                                               ,           (13)
with η
0
 the solvent viscosity, ϕ the volume fraction of rods,
and  is the velocity-gradient tensor divided by the shear
rate. In case of simple shear flow in the x-direction with y
the gradient direction, the only non-zero component of the
velocity gradient tensor is the 
xy
-component which is equal
to 1. Furthermore,  is the symmetrized veloc-
ity-gradient tensor (where the superscript “
T
” stands for
“transpose”), and  is a fourth-order polyadic
tensor. A closure relation that expresses contractions of the
form  in terms of  for symmetric second rank ten-
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This is a more accurate closure than the originally pro-
posed closure by Doi and Edwards (Doi et al., 1986). In
Ref. (Forest et al., 2003), an overview can be found of the
different types of closures that have been devised. Equa-
tions (13,14) specify the stress in terms of the orientational
order-parameter tensor, which is obtained from the equa-
tion of motion (Doi et al., 1986, Dhont et al., 2003, 2006), 
                                  . (15)
Here, D
r
 is the rotational diffusion coefficient of a single,
non-interacting, freely diffusing rod. Solving this equation of
motion numerically, and substitution of the solution into the
expression (13) allows for a calculation of the stress of a sus-
pension of rod-like hard-core particles, both in the linear and
non-linear response-regime (Dhont et al., 2003, 2006).
To illustrate orientational critical slowing down, consider
the stability of the isotropic phase in the absence of flow,
where , with  the identity. Substitution of
 into eq.(15), using the closure relation (14), and
linearization with respect to  gives, 
,  (16)
where the effective rotational diffusion coefficient is equal
to (see the note at the end of the reference list), 
.  (17)
For a volume fractions slightly smaller than the spinodal
volume fraction , the effective diffusion coeffi-
cient is small, which reflects the orientational critical slow-
ing down discussed above. For volume fractions larger than
, the effective rotational diffusion coefficient is negative.
According to eq. (16) this implies that orientational order
increases with time (details on the initial spinodal demixing
kinetics is discussed in Ref. (Dhont, 1996)). Hence, the
spinodal volume fraction marks the concentration where,
upon increasing the concentration, the uniform isotropic
state becomes unstable against the nematic state. With shear
flow, the spinodal volume fraction depends on the shear
rate, and can be obtained from numerical solutions of the
above equations (Dhont et al., 2003, 2006).
We observe from the flow curve of the worm-like
diblock copolymer system as plotted in Fig. 4a (the solid
lines) that this system displays significant shear thinning.
Clearly the shear thinning for  is more
pronounced than for  (we will use
 to denote the concentration of the 
micelles in weight percentage). The experiments discussed
here indicate that the stronger shear thinning at the higher
concentration is due to the vicinity of a spinodal point.
The orientational probability density function for Kuhn
segments of the worms to attain an angle  with the flow
direction are determined with in situ Small Angle Neutron
Scattering (SANS). Scattered intensities are shown in
Fig.4b in the flow-vorticity plane for four different overall
shear rates. The orientational probability density function
 is assumed to have the form : ,
where β is an adjustable parameter and P
2
 is the second
order Legendre polynomial. The scattered intensity 
is proportional to the probability density function 
within the q-range where the intensity varies like  (with
q is the scattering wave vector). This scattering wave vec-
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Fig. 4. (a) Flow curves (solid lines) and orientational order
parameter (symbols) for  (in red)
and  (in black) in deuterated
water. The orientational order parameter is obtained from
the small angle neutron scattering data in the flow-vor-
ticity plane as shown in (b) for four overall shear rates
( , ,  and 4 s) as indicated by the large filled
symbols in (a). The total intensity within the region in
between the two circles (indicated in the third figure) is
used for the determination of the orientational order
parameter distribution, which is given in the figures in (c).
The solid lines are fits to ,
with  and  the two fit parameters. (d) The relative
flow velocity  for the same four overall shear
rates. The solid lines are used to indicate the banded flow
profile.
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tering pattern in Fig. 4b: in between these circles I : 1/q.
The corresponding length scale  is such that align-
ment of Kuhn segments of the chains is probed. The result-
ing (un-normalized) probability density functions are
shown in Fig. 4c as a function of , where the solid lines
are fits the above mentioned exponential form. As
expected, the probability is maximum for alignment along
the flow direction and minimum for alignment along the
vorticity direction. The scalar orientational order param-
eter , which is the largest eigen-value of the tensor
, with  the identity tensor, is obtained from
numerical integration, 
. (18)
The value of  varies between zero (for an isotropic
state) and unity (for a perfectly aligned nematic state). The
order parameters measured with SANS are given in Fig. 4a
by the symbols. As can be seen from Fig. 4a, the shear-
thinning behaviour is accompanied by an increase of the
order parameter, as expected.
Flow profiles in a Couette cell were measured by means
of spatially resolved heterodyne light scattering. Four such
profiles are plotted in Fig. 4d at the same shear rates as we
used for the SANS patterns. We indeed find that shear
banding for shear rates where the system is extremely
shear thinning. Note however, that shear banding is not
very pronounced in the sense that the difference in the
shear rates within the two bands is not large. This is in
accordance with a calculation for stiff rods with hard-core
interactions (Dhont et al., 2003), where even very close to
the critical point only quite weak banding is predicted. The
banding found here is more pronounced as compared to
this theoretical prediction for stiff rods, probably because
of chain-flexibility and polydispersity.
Since shear thinning can also in principle result from fea-
tures that are specific for living polymers like scission and
recombination of the worm-like structures, we still need to
show that there is indeed an I-N phase transition close to
the used concentrations, and that the shear-thinning mech-
anism is related to the distance from the spinodal. Already
from visual observations between crossed polarizers it is
known that this system undergoes a phase transition around
the used concentrations. However, due to the fact that the
system is polydisperse and well density matched, it is very
difficult to obtain the isotropic and nematic binodal point
through macroscopic phase separation experiments. As in
an earlier paper (Lettinga et al., 2004) we exploit here the
large difference between the viscosity of the isotropic and
nematic phase, leading to an increase of the stress in time
when the system is quenched from a high shear-rate, where
the nematic phase is stable, to a lower shear rate where the
nematic phase becomes meta- or unstable. When phase
separation occurs after a shear-rate quench to a particular
shear rate, the measured stress increases with time. Thus,
for each concentration the binodal shear rate  was
determined as the shear rate at which the long-time
increase of the measured shear stress  after a quench
vanishes (see top left plots in Fig. 5). The time-dependent
(normalized) stress  is obtained from fitted to
 with respect to the amplitude  and
the time  (data not shown). The binodal concentration for
a given shear rate is the concentration where the amplitude
 becomes zero (the red squares in the left plots in Fig. 5).



































Fig. 5. Left top figure: Binodal points are obtained from the shear
rate where the amplitude  of the time-dependent
stress the binodal shear rates. Lines are guide to the eye.
The main plot in the center is the non-equilibrium lower
binodal in the shear-rate versus concentration plane. The
circle indicates the equilibrium I-N binodal, that is, the
binodal concentration in the absence of flow. The open
star in the main figure indicates the experimentally
obtained location of the spinodal at zero shear rate. The
line is a guide to the eye, and represents the non-equi-
librium binodal. The grey-shaded area is the shear-rate
region where shear-banding is observed for the 2% sam-
ple. The bottom right plot shows exemplary the phase
shifts  in the oscillatory response of , as well as
the ratio of the leading order non-linear response function
 of the shear-stress (the third harmonic of the shear-
stress), and the linear response function , as a function
of the effective Deborah number. The symbols indicate
the experiments for different concentrations, as indicated
in the figure. The solid lines are theoretical predictions for
, and the dashed line for , based on
numerical solutions of eqs.(13-15). For the calculation of
the effective Deborah number (19) we used a value for the
orientational diffusion coefficient at infinite dilution of
 and . The effective rotational Péclet
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in Fig. 5 as a function of the shear rate. This figure con-
stitutes the low-concentration branch of the non-equilibrium
binodal for the Pb-Peo block copolymer system. The equi-
librium I-N binodal concentration 
is found from an extrapolation to , and is marked
in Fig. 5 by the large open circle.
The vertical shaded area in Fig. 5 indicates the shear-rate
region where shear banding is observed for the 2% sample,
which is very close to the lower binodal concentration. The
location of the spinodal point is, however, more relevant for
shear banding, since slowing down of orientational diffu-
sion occurs on approach on this spinodal concentration. In
order to find the spinodal point where the effective rota-
tional diffusion coefficient is zero, we need to probe the
dynamics of the system. A promising method to do that is
by performing oscillatory shear experiments, and probe the
response of orientational order with time-resolved SANS (t-
SANS) and stress response with Fourier-transform rheol-
ogy. These experiments can also be done with large oscil-
latory amplitudes, beyond the linear-response regime. Such
experiments are referred to as Large Amplitude Oscillatory
(LAOS-) experiments. In the right plot in Fig. 5, the phase
angle shift  of the order parameter as obtained from such
LAOS-experiments is plotted (the oscillating data), as well
as the third harmonic  divided by the first harmonic 
of the stress-response function (the monotonically increas-
ing data), as a function of frequency. Here, the frequency is
expressed in terms of the so-called effective Deborah num-
ber. This is the frequency ω of oscillation, dimensionalized
by the effective rotational diffusion coefficient,
.  (19)
The (non-linear) response functions for different con-
centrations should superimpose when plotted against the
effective Deborah number. The effective Deborah number
is determined as follows. Since the volume fraction of rods
enters the equation of motion (15) linearly, the effective
rotational diffusion coefficient is also a linear function of
concentration, similar to the diffusion coefficient in
eq.(17). We therefore write, 
,  (20)
where C is the concentration where the I-N spinodal is
located. The concentration C is now chosen such that the
various response functions for different concentrations
superimpose when plotted against the effective Deborah
number. A single value for C can indeed be found for
which both the phase shift of the scalar orientational order
parameter and the ratio  superimpose for all four
concentrations 1.0, 1.3, 2.0 and 2.5%, as can be seen in the
plots on the right in Fig. 5. The spinodal concentration is
thus found to be equal to 3.0%, and is indicated by the
open star in Fig. 5. This point is inside the two-phase
region, as it should.
Moreover, the experimental data for the non-linear
response response (the phase shift  of the order param-
eter and the third-harmonic stress response in the right fig-
ure in Fig. 5) are semi-quantitatively in agreement with
what is predicted from eqs.(13-15) (the solid line in the fig-
ure is for  and the dashed line for ). The
comparison with theory is only semi-quantitative since the
theory neglects flexibility and polydispersity, as well as
scission and recombination. LAOS-experiments (Cho,
2005) and FT-rheology (Wilhelm et al., 1998) are increas-
ingly popular, though often a theoretical basis for under-
standing of experimental results is missing (Cho, 2005).
For a system of stiff rods that interact through a hard-core
potential, eqs.(13-15) allow to calculate all the linear and
non-linear response functions (Dhont et al., 2003, 2006),
which are in semi-quantitative agreement with the present
system of rather stiff worm-like micelles.
5. Vorticity Banding
Vorticity banding has been observed in many different
types of systems, like surfactant systems forming multi-
lamellar vesicles (“onions”) (Bonn et al., 1998; Wilkins et
al., 2006), crystallizing colloids (Chen et al., 1992), sur-
factant solutions (Fischer et al., 2002), dispersions of semi-
rigid, rod-like colloids (Dhont et al., 2003; Kang et al.,
2006; 2008) and nanotube suspensions where flow-induced,
highly elastic clusters are formed (Gibson et al., 2004). The
solid-like clusters in Ref. (Gibson et al., 2004) align along
the vorticity direction in a log-rolling state, probably in
order to release the high elastic energy that would otherwise
be stored in these clusters. The large scale bundles found in
Ref. (Vermant et al., 1999) in suspensions of sterically sta-
bilized colloids indicate vorticity banding in these systems.
The bands that are stacked along the vorticity direction (as
sketched in the right Fig. 1) are visible either due to dif-
ferences in optical birefringence (like for the rod-like col-
loids in Refs.(Dhont et al., 2003, Kang et al., 2006, 2008)
and the onions in Ref. (Wilkins et al., 2006)) or turbidity
(like the worm-like micelles in Ref.(Fischer et al., 2002). In
a few of these systems (Chen et al., 1992; Bonn et al.,
1998), a van der Waals loop in the stress is found, so that
it seems that both gradient- and vorticity-banding can occur.
Experiments on fd-virus suspensions described in Refs.
(Kang et al., 2006; 2008) indicate that the origin of the vor-
ticity-banding instability is related inhomogeneities. The
non-equilibrium phase diagram of a fd-virus suspension
(long and thin colloidal rods) is given in Fig. 6: the binodal
closes at a certain critical shear rate, the two spinodals
meet at the binodal below that shear rate (which might be
called a non-equilibrium critical point), and there is a tran-
sition from shear alignment to tumbling (a detailed dis-
cussion of the phase behaviour of colloidal rods in flow
can be found in Ref.(Ripoll et al., 2008), where experi-
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ments on fd-virus suspensions and simulations are pre-
sented). Moreover, within the shaded region, vorticity
banding occurs. After some time (about an hour), a sta-
tionary, vorticity-banded pattern is formed that is visible
between almost crossed polarizers.
After a quench from a high shear rate, where the system
is in the one-phase region, into the shaded region in the
phase diagram, first phase separation occurs where inho-
mogeneities are formed. When the system is sufficient
inhomogeneous, vorticity bands develop. Note that vor-
ticity banding only occurs within the two-phase region, so
that it seems that he inhomogeneities are necessary for
banding to occur. This is confirmed by measurements on
the kinetics of band formation, where it is found that the
kinetics is very different whether the inhomogeneities are
formed through spinodal decomposition or nucleation-and-
growth. A typical time dependence of the band height is
given in Fig. 7a. Right after the shear-rate quench, the mea-
sured apparent band height decreases. This is due to the
shear-induced elongation of the inhomogeneities that are
formed during initial isotropic-nematic demixing. After
about , however, the band height increases and reg-
ularly stacked vorticity bands are formed. It thus seems
that a sufficient amount of inhomogeneities must be
present before banding sets in. The growth of the vorticity
band height can be described by a single exponential, 
, (21)
where  is the apparent band height at the time  where
vorticity banding sets in, A is the total growth of the band
height and  is the growth time. Experiments have been
performed (Kang et al., 2006, 2008) for two fd-concen-
tration: a lower concentration where spinodal decomposi-
tion occurs and a higher concentration where nucleation-
and-growth occurs. The kinetics for these two concentra-
tions is quite different. In case of spinodal decomposition,
banding ceases to occur at the border shear rates (as indi-
cated by the shaded region in Fig. 6 because the growth
time diverges, while in case of nucleation-and-growth band-
ing ceases to occur because the amplitude A vanishes at the
border shear rates. This shows that the mechanical prop-
erties of the inhomogeneities, which are different for the
case of spinodal decomposition and nucleation-and-growth,
play an essential role in the vorticity-banding instability. In
the (quasi-) stationary state, inhomogeneities are still
present within the vorticity bands, and the bands disappear
as soon as these inhomogeneities are not present: inho-
mogeneities slowly sediment and are not present at the top
of the sample anymore after some time, while at the same
time bands also disappear (Kang et al., 2006). Moreover,
particle-tracking experiments reveal a rolling fluid flow
within the bands. In Fig.7b, the z-coordinate (along the vor-
ticity direction) of the tracer particle within a band as a
function of time is plotted. As can be seen, there is an oscil-
latory motion in the vorticity direction. The particle slowly
sediments, giving rise to the overall decrease of the z-posi-
tion in Fig. 7b. The oscillatory motion of the tracer particle
indicates that the bands are in internal rolling motion.
These observations lead to the proposition that the vor-
ticity-banding instability is an elastic instability (Kang et
al., 2006, 2008), similar to the Weissenberg effect in poly-
mer systems. The microscopic origin of the Weissenberg
effect in polymer systems is well-known (Pakdel et al.,
1996; Groisman et al., 1998), and is similar to elastic insta-
bilities that are discussed in Refs. (Muller et al., 1989; Lar-
son et al., 1990; Shaqfeh et al., 1992; 1996). A polymer
chain in a flow with gradients in the shear rate, like in the
gap of a Couette cell, will be non-uniformly stretched. The
resulting restoring forces on fluid elements act along the
gradient direction, and give rise to normal stresses that can
lead to fluid flow along the gradient direction. Such an flow
gives rise to the observed rolling flow in bands stacked
along the vorticity direction. Instead of the polymer chains,
we now have the inhomogeneities that are formed during
the initial stages of phase separation which are similarly
non-uniformly, elastically stretched. The vorticity instability
is therefore proposed to be due to the Weissenberg effect,
where the role of polymer chains is now played by inho-
mogeneities. Indeed, for the systems mentioned above that
10min
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Fig. 6. The non-equilibrium phase diagram in the shear-rate ver-
sus concentration plane for a suspension of rod-like col-
loidal particles. The shaded area within the two-phase,
isotropic-nematic coexistence region is the region where
vorticity banding is observed. The shear rate is normal-
ized with the shear rate  where the maximum in the
binodal occurs. The concentration is expressed in terms of
the total fraction  of the nematic phase that is mixed
with isotropic phase from a sample in isotropic-nematic
equilibrium in the absence of flow. The data points are
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exhibit vorticity banding, such inhomogeneities can be
identified. For example, in case of the worm-like micellar
systems, the worms themselves act as the elastically
deformable inhomogeneities (Fardin et al., 2010).
Vorticity banding is in some cases observed when dis-
continuous (or very strong) shear thickening occurs (like
for the worm-like micelles in Refs. (Bonn et al., 1998;
Wilkins et al., 2006; Fischer et al., 2002), where the shear
stress exhibits a (quasi-) discontinuity, and jumps at a given
shear rate to a higher value. Such a very strong shear-thick-
ening behaviour is probably due to the shear-induced for-
mation of a new, viscous phase. In Ref. (Fischer et al.,
2002) there are indeed clear indications for such a shear-
induced new phase. Also for crystalline colloids there are
indications of a shear-induced new phase that gives rise to
vorticity banding (Chen et al., 1992). The formation of
such shear-induced new phases are accompanied by the
formation of inhomogeneities. These inhomogeneities could
then give rise to hoop stresses which lead to vorticity band-
ing through the Weissenberg scenario as discussed above
(personal communication with John Melrose). A recent
proposition (Fielding, 2007) is that normal stresses can be
generated within the interface in a gradient-banded state,
giving rise to vorticity banding. In this scenario, a gradient-
banded structure is formed prior to the vorticity bands.
Vorticity banding is indeed some times found to occur in
conjunction with a van der Waals loop in the stress, like for
the multi-lamellar vesicles in Ref. (Bonn et al., 1998) and
the colloidal crystals in Ref. (Chen et al., 1992).
6. The Shear-Gradient Concentration Coupling
(SCC-) Instability
Here we consider an instability where coupling to con-
centration is essential. When such a coupling is important,
a coupled diffusion equation and Navier-Stokes equation
should be considered. A linear stability analysis of such a
coupled diffusion and Navier-Stokes equation has been
performed by Schmitt et al.. in Ref. (Schmitt et al., 1995).
This analysis shows that coupling to concentration can lead
to an instability even when  is positive. In order
to analyze the effect of coupling to concentration on the
initial instability of the flow, Fick's diffusion equation is
first generalized to include driving forces for mass trans-
port due to gradients in the shear rate. For small gradients
in concentration, the mass flux  can be written as
, with  the concentration,  the flow veloc-
ity,  the chemical potential and M a positive transport
coefficient. The chemical potential is a function of density
and local shear rate: . In principle, such a shear-
rate dependent chemical potential is ill-defined, since shear
flow is a non-conservative external field (it is explicitly
shown by computer simulations in Ref. (Butler et al.,
2002) that coexistence between crystals and fluid in flow
can not be described by means of a chemical potential).
One possible way, however, to formally define a shear-rate
dependent chemical potential is to substitute shear-rate
dependent order parameters into a known expression for
the chemical potential. For example, in an expression for
the chemical potential for rod-like colloids, one can simply
substitute the shear-rate dependent orientational order
parameter, where its shear-rate dependence is obtained
from independent equations of motion. It is not known
how accurate such descriptions are. Assuming a shear-rate
dependent chemical potential, the mass flux is thus for-
mally written as, 
. (22)
The fluid flow velocity is assumed to be in the x-direction.
Only the magnitude of the velocity is allowed to vary, not its
direction. Moreover, its magnitude is assumed to vary only
in the gradient direction (the y-direction). Variations in the
vorticity direction need not be considered, since the interest
here is in instabilities extending along the gradient direction.
Hence, the component u of the velocity in the x-direction is
written, as before, as , where  is the
applied shear rate. Similarly, the density is assumed to vary
only along the gradient direction : , with
 the constant, initial concentration. Substitution of these
expressions for the velocity and concentration into the
expression for the flux and linearization with respect to 
and  leads to the diffusion equation, 
,  (23)
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Fig. 7. (a) The measured band height as a function of time. The
red line through the data points is a fit to eq.(21). (b) The
position of a tracer sphere, within a band, along the vor-
ticity direction in the stationary state as a function of time.
The band height in this particle-tracking experiment is
much larger than for the experiments in (a), due to the
addition of more Dextran that serves as a depletant, which
renders the rods effectively attractive.
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,  (24)
is Fick's diffusion coefficient. Since the interest here is
only in variations in the y-direction of the flow component
u in the x-direction, the only component of the stress tensor
S that contributes is  (apart from an irrelevant con-
tribution ). Here we assume that the shear stress is
given by the standard stress σ, which is now not just a
function of the local shear rate, as in the minimal model,
but also of the concentration. To leading order in  and
, the deviation of the stress tensor from its initial value
is thus given by, 
,  (25)
where the indices “0” refer to the homogeneously sheared
system, before banding occurred. The linearized Navier-
Stokes equation thus reads (as before,  is the mass den-
sity of the fluid), 
. (26)
Equations (23,26) were derived in a somewhat more gen-
eral setting in Ref. (Schmitt et al., 1995). Here we restrict




Disregarding the finite extent of the shear-cell gap width,
the analysis for stability of variations along the gradient
direction can be performed by substitution of, 
(27)
where  and  are the initial amplitudes of the per-
turbations of the velocity and concentration, respectively.
Clearly, both the density and velocity are unstable when
. A finite gap width would require to write these vari-
ations as a sine/cosine-series with quantized wave vectors,
as was done in the section on the minimal model. This is
a technicality that would unnecessarily complicate the
analysis in the present case. Substitution of eqs.(27) into
eqs.(23,26) gives, 
 (28)
Eliminating  from the second equation gives a sec-
ond order equation for ,
 
(29)
It follows from this result that  is negative when
(Schmitt et al., 1995), 
.  (30)
When there is no coupling to concentration, that is, when
, this implies an instability either when
(i)  and , or (ii)  and
. Case (i) corresponds to a spinodal insta-
bility leading to phase separation driven by thermodynamic
forces, and case (ii) corresponds to the mechanical gra-
dient-banding instability that was discussed within the
minimal model discussed in section 2. When there is cou-
pling to concentration, that is, when  ,
there can be an instability even though D and
 are positive. This is an instability that is
purely driven by coupling with concentration and is absent
within the minimal model.
The intuitive explanation of this shear-gradient concen-
tration coupling (SCC-) instability is as follows. When
 there will be mass transport in the direc-
tion of lower shear rates (as can be seen from eq.(22)). In
a Couette cell, mass will be transported to the outer cyl-
inder. When in addition , the shear rate
near the outer cylinder to which mass is transported will
decrease, since the system will try to regain mechanical
equilibrium where the shear stress is constant throughout
the gap. Such a decrease in shear rate will lead to larger
spatial gradients in the shear rate and thus enhances mass
transport towards the outer cylinder. This self-amplifying
mechanism leads to a high concentration and low shear-
rate region near the outer cylinder, and a low concentration
and high shear-rate region near the inner cylinder.
The self-amplifying mechanism is counter balanced by
diffusion and a possible strong decrease of the stress on
decreasing the shear rate. Diffusion will drive the system
back to the homogeneous state and thus counter balances
mass transport to regions with lower local shear rates. If the
stress strongly decreases with decreasing shear rate, that is,
when  is positive and large, the decrease of
the local shear rate in regaining mechanical equilibrium is
small. This explains why the right hand-side in eq.(30) (“the
driving force for the instability”) should be larger than the
left hand-side (“the counter-balancing forces”). When both
derivatives on the right hand-side in eq.(30) are negative,
the same mechanism is at work, where now mass is trans-
ported to regions of higher shear rate.
It is not clear yet whether the SCC-instability leads to a
stationary gradient-banded state in the sense that regions
(the “bands”) exist within which the shear rate is essen-
tially constant, independent of position. In any case, a sta-
tionary state is reached when gradients in concentration are
sufficiently large so that Fickian diffusion counter balances
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nected to the shear-rate dependence of the chemical poten-
tial. In order to establish whether true shear-banded states
are formed in the stationary state, the appropriate Navier-
Stokes equation and diffusion equation should be solved
numerically. To describe the stationary state, the Navier-
Stokes equation must include the shear-curvature contri-
bution in order to stabilize the system against the initial,
rapid formation of large gradients in the flow velocity.
When gradients in concentration are large, a similar higher
order derivative in the concentration ( ) should
be added to the diffusion equation. Such a higher order
derivative was first introduced by Cahn and Hilliard in
their analysis of the initial stages of spinodal decompo-
sition (in which case D is negative) (Cahn et al., 1958,
1959)(a microscopic derivation of the Cahn-Hilliard theory
based of the Smoluchowski equation is given in Ref.
(Dhont, 1996). The coefficient complying with this higher
order derivative is referred to as the Cahn-Hilliard square-
gradient coefficient, which plays the same role as the
shear-curvature viscosity in the sense that it stabilizes the
system against rapid formation of very large spatial gra-
dients. So far, no attempt has been made to analyze the sta-
tionary states that result from the SCC-instability.
Other degrees of freedom that strongly couple to the shear
viscosity can play a similar role as concentration. For exam-
ple, for worm-like micelles and rod-like colloids, orienta-
tional order can be important. Coupling to concentration
and orientational order is discussed in Refs. (Olmsted et al.,
1997; 1999). Coupling of flow to the non-conserved com-
position of a binary mixture, where one of the components
only exist under flow conditions, is discussed in Ref.
(Goveas et al., 2001). Such a shear-induced new component
that couples to the stress can lead to banding, depending on
whether the stress or overall shear rate is controlled. In case
of worm-like micelles, part of the high shear-rate branch,
following the van der Waals loop, can be unstable due to
coupling to the average worm length (Fielding et al., 2004).
A similar self-amplifying effect as for concentration cou-
pling discussed above may be responsible for such an insta-
bility. Since now part of the high shear-rate band is in itself
unstable, there is no stationary gradient-banded state. This
leads to time-dependent flow profiles under stationary
applied shear rates (Fielding et al., 2004).
One of the possible reasons why the SCC-instability has
not been further considered after the original publication
by Schmitt (Schimitt et al., 1995) might be that the origin
of the shear-rate dependence of the chemical potential is
unclear. Here we will show that shear-gradient induced
mass transport is coupled to the shear-induced distortion of
the pair-correlation function. First of all, the diffusion
equation reads, 
,  (31)
where  is the free diffusion coefficient, while interac-
tions between particles are included through the body force
B, which, with the neglect of hydrodynamic interactions, is
equal to, 
, (32)
with  the interaction potential between colloidal particles,
and δ is the delta-distribution with  the position coor-
dinate of colloid i. The eqs.(31,32) can be derived from the
Smoluchowski equation, which is discussed in detail in Ref.
Briels (2011). The first term on the right hand-side in the
equation of motion (31) describes the evolution of the den-
sity due to free diffusion, in the absence of colloid-colloid
interactions, while the second term accounts for mass trans-
port due to interactions between the colloids. In fact, the dif-
fusion equation (31) implies a flux equal to, 
, (33)
with v the velocity of a colloid, where it is used that
, with  the single-particle friction coefficient.
This equation expresses force balance on the Smolu-
chowski time scale, where the friction force  is bal-
anced by sum of the Brownian force  and the
interaction force per colloid . In the absence of flow,
the body-force contribution can be shown to have the form
 (see, for example, Ref.(Dhont 1996). The free-dif-
fusion contribution and the colloid-colloid interaction con-
tribution can thus be lumped into a single term of the form
, where , which renders eq.(31) iden-
tical to Fick's law. As will be discussed later, the interaction
contribution  also contains other types of terms in the
presence of flow. The Navier-Stokes equation for the flow
velocity can be written as, 
,  (34)
which is supplemented by the incompressibility equation, 
.  (35)
We will now show how the expression (32) for the body
force gives rise to the term :  in eq.(22) for the mass
flux. First of all, the ensemble average in eq.(32) is written
in terms of an integral with respect to the probability den-
sity function  of the position coordinates of all colloids, 
. (36)
For a potential  that is a pair-wise additive sum of pair-
interactions, with V the pair-interaction potential, this
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. (38)
Introducing the pair-correlation function, 
, (39)
where the notation  is used to indicate functional
dependence on the density and shear rate for an inhomo-
geneous system, the body force is written as, 
. (40)
Since the potential restricts the integration range to dis-
tances  less than the range  of the pair-interaction
potential, only the short-ranged shear-induced distortion of
the pair-correlation need be considered. For these micro-
scopic distances this distortion is to a good approximation
affine, so that, 
 (41)
where is the equilibrium pair-correlation function (in the
absence of shear flow),  is the isotropic shear-induced
distortion and  the anisotropic distortion of the pair-cor-
relation function. Furthermore,  is the symmetric part of
the velocity-gradient tensor divided by the local shear rate.





direction, the only two non-zero entries for E are the 
and  entries, which are equal to . Since the shear rate
and density vary very little over the small distances less
than  under consideration, the density  can be
Taylor expanded around r to leading order in gradients, 
.  (42)
Furthermore, the various contributions to the pair-corre-
lation functions are approximately equal to the pair-corre-
lation function in eq.(41) in an isotropic system, with
homogeneous density and shear rate, but with a density and
shear rate in between the positions r and R
2
. For example, 
 
, (43)
and similar for  and . Here, the overbar on  indi-
cates that this is the correlation function of a system with
homogeneous density and shear rate equal to  and ,
respectively. Note that the time dependence of the pair-cor-
relation function is entirely due to the time dependence of
the density and shear rate: since the time-evolution of the
macroscopic density and shear rate are much slower that
the relaxation time of the pair-correlation function for short
distances less than , the pair-correlation function adjusts
itself essentially instantaneously to its local stationary




and similar for  (for which the shear-rate dependence is
of course absent) and , where , and where 
and  are now understood to denote the local density and
shear rate (omitting the now superfluous overbar notation).
Substitution of eqs.(42,44) into eq.(40) for B, and per-
forming the angular integrations gives, 
(45)




As before,  and  are understood to be the local density
and shear rate, which are functions of position  and time
t. Equation (45) can also be written as, 
. (48)
Note that with the neglect of shear-induced changes of
the pair-correlation, in which case  vanishes, eq.(46) is
nothing but the pressure. From eq.(48) it is readily verified
that only the body force  acts along the gra-
dient direction. According to eqs.(33,45), the mass flux in
the gradient direction is thus equal to, 
(49)
This is precisely the form for the flux in eq.(22) that was
postulated by Schmitt (Schmitt et al., 1995). In the absence
of flow, where  is just the equilibrium pressure , it
follows from the Gibbs-Duhem relation 
that the kinetic coefficient M in Schmitt's expression (22)
for the flux should be identified as M=βρD
0
. More impor-
tantly, the above analysis shows that one should formulate
the flux in terms of a “generalized pressure” instead of a
“generalized chemical potential”. The generalized pressure
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sion for the equilibrium pressure, 
, (50)
by replacing the equilibrium pair-correlation function 
by the shear-distorted pair-correlation function.
The above analysis may serve as a starting point for a
further (semi-) microscopic development of the SCC-insta-
bility, and in particular for an investigation of the resulting
stationary state velocity profile. It could very well be that
the SCC-instability results in a banded state that is very
similar to that for gradient-banding that was discussed in
section 2.
7. Summary and Conclusions
In this overview, a minimal model is presented that
describes the basic features of gradient banding. The con-
stitutive equation in this model is straightforwardly
obtained from the usual formal expansion of the stress ten-
sor with respect to gradients in the flow velocity, extending
it to include the second order term. The proportionality
constant of the leading term in this gradient expansion is
the shear viscosity while the proportionality constant for
the second term is referred to as "the shear-curvature vis-
cosity". The second order term is necessary to describe the
strong spatial variations within the interface between the
two bands. The minimal model predicts that, in the absence
of coupling to concentration, no banding can occur under
controlled stress conditions, it gives rise to a banded state
in the stationary state under controlled shear-rate condi-
tions where the shear rates within the bands are constant,
and it leads a stress selection rule. A necessary feature for
gradient banding is strong shear-thinning behaviour. A
brief discussion of transient entanglement forces is given,
which lead to strong shear thinning (a much more detailed
account on transient entanglement forces and resulting
constitutive equations will be given in a future publication
(Briels et al., 2011)). Experiments are presented which
show that shear thinning in a worm-like micellar system
due to the vicinity of the isotropic-nematic spinodal is suf-
ficiently strong to give rise to gradient banding.
Vorticity banding has a completely different origin than
gradient banding. On the basis of experiments on fd-virus
suspensions (very long and thin colloidal rods), it seems
likely that the vorticity banding instability is an elastic
instability. Here, inhomogeneities are non-uniformly
deformed in flows that exhibit gradients in the shear rate
(like in a Couette cell), giving rise to non-uniform normal
stresses along the gradient direction that set the suspension
into motion. In case of the fd-virus suspensions, the inho-
mogeneities are due to initial isotropic-nematic phase sep-
aration, while for worm-like micelles the worms
themselves serve as the necessary inhomogeneities. The
vorticity-banding instability is thus related to the Weis-
senberg effect for polymer systems, where the role of poly-
mer chains is now played by inhomogeneities.
The most important omission in the minimal model for
gradient banding is coupling to concentration. As Schmitt
already described in Ref. (Schmitt et al., 1995), strong cou-
pling to concentration can lead to an instability without
shear thinning. We referred to this instability here as the
shear-gradient concentration coupling (SCC-) instability.
Schmitt formulated the instability in terms of a shear-rate
dependent “generalized chemical potential”. The phenom-
enology of this instability is discussed, and a microscopic
basis is given for Schmitt's generalized chemical potential.
It is shown that the mass flux driven by shear-gradients
should not be formulated in terms of a chemical potential,
but rather in terms of a “generalized pressure”, which is
obtained from the equilibrium expression for the pressure
with the pair-correlation function replaced by the shear-dis-
torted pair-correlation function. It is still not known what
the stationary velocity profile will be when the SCC-insta-
bility occurs.
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